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Recently there have been suggestions that the Lorentz force law is inconsistent with special rela-
tivity. This is difficult to understand, since Einstein invented relativity in order to reconcile electro-
dynamics with mechanics. Here we investigate the momentum of an electric charge and a magnetic
dipole in the frame in which both are at rest, and in an infinitesimally boosted frame in which both
have a common velocity. We show that for a dipole composed of a magnetic monopole-antimonopole
pair the torque is zero in both frames, while if the dipole is a point dipole, the torque is not zero, but
is balanced by the rate of change of the angular momentum of the electromagnetic field, so there is
no mechanical torque on the dipole.
PACS numbers: 03.50.De,03.30.+p,41.20.-q,14.80.Hv
INTRODUCTION
Considerable press was given to a recent claim by
Mansuripur [1] that the Lorentz force law appears to be in
contradiction with special relativity. Because that force
law is based on Maxwell’s equations, which are the ori-
gin and basis for Einsteinian relativity, it is difficult to
understand this claim. Mansuripur’s analysis, based on
Ref. [2], suggests that the Lorentz force law must be re-
placed by some other expression, such as that of Einstein
and Laub [3, 4]. This conclusion has received widespread
publicity in the popular press [5]
By now there have appeared many critiques of this
conclusion [6–12]. The consensus seems firm that omitted
contributions remove the contradiction. However, these
analyses seem to consider special cases and somewhat
obscure concepts, such as hidden momentum [13, 14], so
it seems to us that a simple general analysis will clarify
all points and settle the issue definitively.
The problem posed by Mansuripur is the following.
Consider an electric charge and a magnetic dipole sep-
arated by some distance at rest. Evidently, there is no
force or torque on either particle. When the same sys-
tem is viewed in a boosted frame, where both particles
have a common velocity, it appears that the torque on
the dipole
τ = µ×B+ d×E (1)
is nonzero. Thus in this frame it seems there should be
precession of the dipole, violating the principle of rela-
tivity.
In this note we revisit this problem in the following
way. We first compute the momentum and angular mo-
mentum of the electromagnetic field for the static config-
uration of charge and dipole; the values of these quanti-
ties are different for a point dipole and a dipole composed
of a magnetic monopole-antimonopole pair. This bears
on the issue of “hidden momentum.” Then we calcu-
late the charge and current densities, and the fields, in
the boosted frame, and directly compute the torque on
the dipole from the microscopic Lorentz force law. This
torque identically vanishes for a dipole composed of a
magnetic monopole-antimonopole, but is nonzero for a
point dipole. However, the latter is precisely cancelled
by the nonzero rate of change of the angular momentum
of the electromagnetic field in this case, so in either event,
there is no mechanical torque on the dipole.
MOMENTUM AND ANGULAR MOMENTUM
OF CHARGE AND DIPOLE
In this section we consider a static system consisting
of a charge e, which we may take at the origin, and a
dipole µ at position R, in vacuum. We will calculate the
field momentum and angular momentum for this config-
uration from the formulas (throughout this paper we use
Gaussian units; our primary reference is Ref. [15])
P =
∫
(dr)G, G =
E×B
4pic
, (2a)
J =
∫
(dr) r ×G. (2b)
Let us first adopt the model (“Gilbert”) in which
the magnetic dipole consists of a magnetic monopole
of charge +g separated by a displacement a from a
monopole of charge −g. We will always suppose that
a ≪ R. The momentum of a system consisting of one
electric charge e and one magnetic pole g is
Peg =
eg
4pic
∫
(dr)
r
r3
×
r−R
|r−R|3
. (3)
Now the following dyadic (and convergent) integral is eas-
2ily worked out:∫
(dr)
r
r3
r−R
|r−R|3
=
2pi
R
(
1−
RR
R2
)
, (4)
from which we immediately conclude that the momentum
Peg = 0. From this it follows that the momentum of the
charge and a Gilbert dipole is also zero,
Pegg¯ = 0. (5)
The same integral (4) allows us to conclude that the
angular momentum of a charge and a magnetic monopole
is nonzero,
Jeg = −
eg
4pic
∫
(dr)r ×
r×R
r3|r−R|3
=
eg
c
R
R
, (6)
a result first discovered by Poincare´ [16] and then by
Thomson [17]. From this the angular momentum for a
dipole made from a monopole-antimonopole separated by
a distance a is
Jegg¯ =
eg
c
a ·∇
R
R
=
1
c
R× (µ×E(R)), (7)
where µ = ga and E = eR/R3.
Now consider a point magnetic dipole, which possesses
the magnetic field
B = Bs +Bf , (8)
where the second term is the usual field of a magnetic
dipole,
Bf = −∇
(
µ ·
r−R
|r−R|3
)
=
3(r−R)µ · (r−R)− (r−R)2µ
|r−R|5
. (9a)
The first term in Eq. (8) is required to satify the
magnetic-charge-free Maxwell equation ∇ ·B = 0:
Bs = 4piµδ(r−R). (9b)
If we ignore the latter for the moment, it is straightfor-
ward to work out the angular momentum from the field
part,
Jfeµ =
∫
(dr)r×
e
4pic
( r
r3
×∇R
)
µ · (r−R)
|r−R|3
=
e
4pic
µ ·∇R∇R ·
∫
(dr)
(
rr
r3
−
1
r
)
1
|r−R|
.
(10)
The latter integral is evaluated to be piR(1 + RR/R2)
and then the same result (7) follows.
However, for a point dipole, there is another contribu-
tion from the δ-function term in Eq. (8) which exactly
cancels the above field part,
Jeµ = 0. (11)
This term further gives a contribution to the field mo-
mentum:
Peµ = −
1
c
µ×E(R). (12)
These results for the Gilbert dipole, Eqs. (7) and (5), and
for the Ampe`re dipole, Eqs. (11) and (12), agree partly
with those found by Furry [13], but he asserts without
evidence that the Ampe`re angular momentum is unal-
tered from the Gilbert one, whereas his linear momentum
seems to agree with ours.
BOOSTED FRAME
Our system, in the rest frame, in the Gilbert descrip-
tion, is defined by the electric and magnetic charge den-
sities,
ρe = eδ(r), je = 0, (13a)
ρm = −µ ·∇δ(r−R), jm = 0. (13b)
Now consider a infinitesimally boosted frame, in which
all particles are moving with velocity δv ≪ c. In such
a frame the electric and magnetic fields are modified
(Ref. [15], Sec. 10.3)
δE = −δcoorE−
1
c
δv ×B, (14a)
δB = −δcoorB+
1
c
δv ×E, (14b)
where
δcoor = δvt ·∇+
1
c2
δv · r
∂
∂t
. (15)
Then from Maxwell’s equations with magnetic charge
∇ · E = 4piρe, −∇×E =
1
c
∂
∂t
B+
4pi
c
jm, (16a)
∇ ·B = 4piρm, ∇×B =
1
c
∂
∂t
E+
4pi
c
je, (16b)
we deduce
δρe = −δcoorρe +
1
c2
δv · je, (17a)
δje = −δcoorje + δvρe, (17b)
δρm = −δcoorρm +
1
c2
δv · jm, (17c)
δjm = −δcoorjm + δvρm,
(17d)
To compute the torque in the boosted frame, we start
from first principles, and use the microscopic Lorentz
force density,
f = ρeE+
1
c
je ×B+ ρmB−
1
c
jm ×E. (18)
3(Note the dual symmetry, replacing electric quantities by
magnetic ones, and magnetic quantities by the negative
of electric ones.) In the present problem, there is an
induced magnetic charge density and current density,
δρm = −δvt ·∇ρm, δjm = δvρm, (19)
as well as an induced magnetic field acting on the dipole,
δB =
1
c
δv ×E. (20)
Thus the torque on the dipole in the moving frame is
τ =
∫
(dr) r ×
(
ρmδB−
1
c
δjm ×E
)
=
∫
(dr) r ×
(
ρm
δv
c
×E−
δv
c
ρm ×E
)
= 0,(21)
that is, the two terms exactly cancel. In precisely the
same way, we can show that the torque on the electric
charge vanishes as well. Thus there is no torque and no
violation of relativistic invariance. The reason for the
apparent anomaly was the invalid use of Eq. (1), which
applies only for constant fields, and cannot be applied
indiscriminately. In fact, a discussion equivalent to this
is given in Problem 3, Chapter 4, in Ref. [15].
So there is no anomaly for a Gilbert dipole. What
happens for an Ampe`rian one? In that case we have no
magnetic charge or current, so the torque is
τ =
∫
(dr)r×
[
δv
c2
· jeE+
1
c
je ×
(
δv
c
×E
)]
= −
δv
c2
×
∫
(dr)r j · E. (22)
Now, ignoring an electric quadrupole term [Chapter 32,
Ref. [15]], we may replace r j → 1
2
(r j− j r), and so we
evaluate
τ =
δv
c
× (µ×E), (23)
which uses the definition of the magnetic moment,
µ =
1
2c
∫
(dr) r × j(r). (24)
The torque on the dipole does not vanish.
But now there is a contribution from the field angular
momentum in the boosted frame:
δJ =
1
4pic
∫
(dr) r × (δE×B+E× δB) . (25)
This is simply seen to be
δJ = δvt×Peµ + constant, (26)
where the time-dependent term arises from the coordi-
nate variation. This angular momentum is expressed in
terms of the momentum of the field in the rest frame.
The latter is zero for a Gilbert dipole, but is given by
Eq. (12) for a point dipole. Thus, in the latter case,
τ +
d
dt
δJ = 0, (27)
So again there is no inconsistency.
CONCLUSIONS
In this note we have examined the question of the
torque on a magnetic dipole due to an electric charge.
There is, in constrast to claims in the literature [1], no
contradiction with special relativity, which could hardly
be otherwise, since the equations of electromagnetism are
the origin of Einsteinian relativity. The details of how
this consistency is achieved depends on the model of the
dipole. If we apply the simple fiction that the dipole
consists of a monopole-antimonopole pair, the torque,
computed from the microscopic Lorentz force density,
vanishes in the boosted frame. If the model of the
dipole is consistent with the Ampe`rian hypothesis that
all magnetic effects emerge from moving electric charges
or changing electric fields, the torque is not zero, but is
balanced by the change in the field momentum. So there
is no mechanical torque on the dipole.
Although there has been a chorus of critiques of the
claim of Ref. [1], none has seemed definitive to us. The ar-
guments seem to rely on special models and approximate
expressions. We have not adopted any specific model,
but considered either the fictional but useful picture
of a Gilbert dipole composed of a magnetic monopole-
antimonopole pair, or that of a generic infinitesimal
Ampe`rian current loop. On that basis the consistency of
the theory, in particular, the validity of the microscopic
Lorentz force law, is established simply from Maxwell’s
equations without further assumptions.
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